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|
What is MU ?

MU is simply the spectrum induced by the Thomification of the universal
complex vector bundles.

Definition (MU spectrum)
Let n € Z. MU is given by:

* n <0
@ (MU),={ MUKk)=T(HS) n=2k
SMU(Kk)  n=2k+1

@ pa, = ids U (n)
pont1 = T(j) : B2MU(n) = T(j*(vn+1)) = MU(n +1).
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Why MU ?

Homotopy

(Co)homology

Bordism
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CW-complexes
CW-complexes

Definition (CW category)
Ob(CW) = {X\ X is a CW-complex }

CW(X,Y)={f:X — Y continuous }

Definition (naive homotopy HCW category)

Ob(HCW) = Ob(CW)
HCW (X,Y) = [X,Y]

HCW = HoCW = HoTop,
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CW-complexes

Brown's Representability Theorem

Brown's Representability Theorem (1955)
For F': HoOCW — Set or Gp any contravariant functor satisfying YW and M.

e JY € Ob(CW)
e Jue F(Y)

e VX € Ob(CW)
T, : [X,Y] = F(X)

with T, (f) = F(f)(u).

EPFL
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@ F' = H"(—) a reduced cohomology theory satifying W yields {E,, },,cz such
that:

-1

X, QF, 1] 25 [SX, Byyr] =5 i H(EX) -5 B7(X) — [X, B,

o

R

En ~Hom QE7L+1 .
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General structure
Spectrum

Definition (spectrum)

@ A spectrum E is a collection {E, } ez of CW complexes with injective
maps
Dn: NE, = Epya.

@ A subspectrum F' C F is a subcollection F,, C E,, such that
pn(XF,) C Frgq.
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Prt1 0 pn (S2En)

Pr+1(Ent1)
Ey 42

pn(SEnR)

Ent1

Examples

* n<0
S™ n>0

EPFL
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General structure

Spectral functions

Definition (spectral functions)
Let E, F be spectra. A function f : £ — F'is a collection of maps
{fn : B, = Fy, }nez such that:

Jrtilpn(2E,) = Pp 0 2fn

fnJrl
En+1 Fn+1
Pn p;L
Xfn
YE, i YF,
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General structure
Cofinal subspectra

Definition (cofinal subspectra)
Let E be any spectrum, F' C E a subspectrum is cofinal if Ve,, € E,,, 3m such
that

Pn+m © 2pn—l—m—l ©:--0 Zmilpn(zmen) € Fn+m-

Prt1 © pn (22 En)
Pr+1(Ent1)

EPFL
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General structure
Spectral maps

Definition (spectral maps)
Let E, F' be spectra.

S = {(E'7 )| E" is a cofinal subspectrum of E, ' : E' — F}

o (E,f)~(E" f') < IE,feS st
ECENE"
f’-”: fl|E :f//lﬁ
@ The equivalence class [E’, f’] is called a map from E into F

Hom(E,F) =S/~
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General structure

Spectra category Sp

Definition Sp

Ob(Sp) = {E| E is a spectrum}
Sp(E,F) = Hom(E, F)

Definition (co-suspension)

Definition (spectral suspension)
¥ :CW — Sp ¥ :Sp — Sp
o * n<0 _
> X*{m "o (BE)n = Enis
goo(py = { i m<O (EH)n = fatr
Tl X"f n>0
EPFL
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General structure
Spectral Homotopy

Definition (homotopy)
Let E,F € Ob(Sp), f,g € Sp(E,F).

@ f is homotopic to g (f ~gom g) if there exists amap H: EAIT — F s.t.

E
Lo f
H
ENTT F
3]
g
FE
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General structure

Spectral Homotopy

o [E,F]=8Sp(E,F)/npn
o m,(F)=[X"S,E] fornecZ
o f € Sp(E,F) induces:

e pushforwards

o pullbacks

MU, Study of a Fundamental Spectrum
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General structure
Spectral Homotopy

(-] Wn(E) =~ colimy, 7Tn+k(Ek)

Whitehead's Spectral Theorem
Let E, F € Ob(Sp), f € Sp(E, F).

f is an homotopy equivalence <= f is a weak homotopy equivalence.

Definition (HoSp = HSp)

Ob(HoSp) = Ob(Sp)
HoSp(E, F) = [E, F]

EPFL
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Spectra and (co)homology
Reduced (co)homology induced by spectra

Definition (reduced homology induced by E € Ob(Sp))

E, : HoCW — Ab
En(X)=m(EAX)=[Z"S,EAX]
En(f) = (ids A f)- )
Definition (reduced cohomology induced by E € Ob(Sp))
E* : HoCW — Ab
BT = [5F7, 5E
B (f) = (2% f)" |
EPFL
MU, Study of a Fundamental Spectrum 05.02.2021  17/40



Spectra and (co)homology
Back to Brown

Brown's Representability Theorem on cohomology
Let £* : HOCW — Ab be any reduced cohomology satisfying W .
There exist

o E € Ob(Sp)

@ A natural equivalence
T: B (=) 2 k()

Corollary

HoSp = cohomg

MU, Study of a Fundamental Spectrum
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MU is simply the spectrum induced by the Thomification of the universal
complex vector bundles.

Definition (MU spectrum)
Let n € Z. MU is given by:

* n<0
@ (MU),={ MUKk)=T0"H) n=2k
MU (k) n=2k+1

@ pop = idspU(n)
pany1 = T(j) : Z2MU(n) = T(5*(Ynt1)) = MU(n +1).
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Vectors bundles Generality

Vector bundles

Definition (Vector bundle)
An F-vector bundle of dimension n over B is £ = (E, B, p) with p a continuous

mapping
p:E—B

s.t. for all b € B, there exist
@ U an open neighbourhood of b,
@ hy :p '(U)= U x F™ an homeomorphism,

s.t.
—1 p
p (U

p1
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Vector bundles

Examples

@ T M with M a manifold.
Q@ N(M,W) with M embedded submanifold of W.

© (B x F", B,p1) is the trivial bundle denoted £ (B).
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Generality
Vector bundles

Definition (Sum of vector bundles)
Let & = (E17X17p1), & = (E27X2,p2) be vector bundles.

@ The external sum & X & is the vector bundle

(B % B, X1 X Xo,p1 X p2).
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Generality
Vector bundles

Definition (pullback of vector bundle)
Let £ = (E,Y,p) be any vector bundle and f: X Loty y,
@ The pullback of ¢ by f, f*(€) is the vector bundle (E¢, X, py) with:
o By ={(z,e) € X x E| f(z) = ple)}
o pi(v,e) =2

EPFL
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Vectors bundles Universality

Vector bundles

Lemma
Let X, Y € Ob(CW), f,g: CW(X,Y) and £ be any vector bundle on Y.

f~rom g = () = g7(8).

The following functor satisfies YW and MYV. Hence, Brown's representability
theorem applies.

Definition (vector bundle contravariant functor)

Vbt : HOCW — Set

Q VI (X)= Iso{g| ¢ is a n-dimensional F-vector bundles on X}

Q Vi ([f]) (&) = £*(&).

=rvl
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Universality
Universal bundles

Corollary
Let n € N.

@ JBU(n) € Ob(CW), Ju,, an n-complex vector bundle on BU(n),
@ VX € Ob(CW), V¢ any n-complex vector bundle on X,

@ 3f: X — BU(n) s.t.
£ f*(un)

BU(n) is called the classifying space and u,, the n-th universal bundle.
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Universal bundles

Corollary
Let n € N.

@ 3B0(n) € Ob(CW), Jo,, an n-real vector bundle on BO(n),
@ VX € Ob(CW), V¢ any n-real vector bundle on X,

@ Jf: X —» BO(n) s.t.
£= f*(on)
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Universal bundles

@ We have proved that BU(n) and u,, exist.

@ We can in fact construct them.

MU, Study of a Fundamental Spectrum
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Universality
Infinite Grassmannians

Definition (infinite Grassmannians)

Gy = {K C F*°| K any linear subspace of dimension n }

Definition (tautological bundle ;)
'YE = (E’ G]pr)
E = {(K,v) € GE xF*|v € K}
p(K,v) =K

Universal Representation Theorem

BU(n) = GS BO(n) = G%
g 22
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Vectors bundles Universality

MU is simply the spectrum induced by the Thomification of the universal
complex vector bundles.

Definition (MU spectrum)
Let n € Z. MU is given by:

* n <0
@ (MU), =< MUKk)=T0"H) n=2k
MU (k) n=2k+1

@ P2, = ids U (n)
pant1 = T(j) : B2MU(n) = T(5*(Ynt1)) = MU(n +1).
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Disks/Sphere Bundles

@ A Riemannian/Hermitian metric on the total space derives from any given
X € Ob(CW) and vector bundle £ on X .

Definition (disks/sphere bundles)
Let £ be a complex vector bundle on B equipped with an Hermitian metric.

@ The disk bundle D(§) on B is

Ep = {(az,v) € B| v < 1}

@ The sphere bundle S(&) on B is

Es = {(m,v) € E| ] = 1}

05.02.2021
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Thom Space

Definition (Thom space)

Let £ be a complex vector bundle over B € Ob(CW) equipped with an Hermitian
metric.

@ The Thom space of £ is T'(§) € Ob(CW):

T(¢) = D(£)/5(8)

@ For f € CW(X, B), we define the Thomification map:

T(f):T(f7¢) = T(&)

EPFL
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Properties of Thom Space

@ T(§1 x &) =T (&) NT(&2)

MU, Study of a Fundamental Spectrum 05.02.2021  33/40



Vectors bundles Thom space

Properties of Thom Space

@ T(§1 x &) =T (&) NT(&2)

° T(eg(x)) >~ Xt A S2

o T(& @ ei(X)) =T(&) A SE"

EPFL
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Properties of Thom Space

@ T(& x &) =T (&) AT (&)
° T(eg(X)) ~ X+ A2
o T(& ® (X)) X T(6x) A SE"
@ Let X is any compact Hausdorff space, £ any vector bundle on X.
T =E"
with E' the one point compactification of E.
@ - is the universal bundle on GY =cp>

T(’h) ~ CP*™
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Vectors bundles Thom space

MU spectrum

MU is simply the spectrum induced by the Thomification of the universal
complex vector bundles.

Definition (MU spectrum)
Let n € Z. MU is given by:

* n<0
@ (MU),={ MUKk)=T0"H) n=2k
MU (k) n=2k+1

@ pon = idspy(n)
pans1 = T(j) : B2MU(n) = T(5*(Yn41)) = MU(n + 1).

@ Using j : G — GZ™', we have that j*(75, 1) =S @ €©.
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Example of bordism

Cobordism W between M = S3 and N = (Si x Sg)
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Thom-Pontrjagin Isomorphism

Thom-Pontrjagin Isomorphism (1959)
Forn € Z, X € Ob(CW).

®:QYV(X) =27, (MUAXT)

EPFL
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Cohomology of MU

Cohomology of MU
The cohomology of MU can be entirely computed. For k € N:

@ H2ktL(MU) =0
@ H?*(MU) = H?*(BU(k)) = 2+) with
an(k —n) + an—1(k)

oan(k)=< 1lifn=k=0
0, ifk<0ork#n=0

4
HO H2 H4 HG H8 Hl() H12 H14 HlG H18 H20
BUO | Z 0 0 0 0 0 0 0 0 0 0
BU(1) Z Z Z Z Z Z Z Z Z Z VA
BU(2) Z Z 7?72 73 73 74 74 75 75 758
BUB) |z z z* 73 z* 7° 7" 78 7z 72 74
BUM) | z 'z z* 73 75 76 70 gzl zl5 g8 723
BU(5) 7 7 72 73 75 77 710 713 718 7,23 730
BU(G) 7, 7 Z2 ZB ZS Z7 Zl 1 Zl4 Z20 226 ZSS
BU(?) 7, 7 Z2 ZS Z5 Z7 le 215 Z21 ZQS ZS8
BU(8) 7 7 Z2 ZB ZS Z7 le ZIS ZQ‘Z Z29 Z4O
EPFL
MU, Study of a Fundamental Spectrum 05.02.2021  38/40



Nilpotence Theorem

Nilpotence Theorem (1980)

Let R be any ring spectrum. Consider the Hurewicz map
ﬂ'o(R) —h—> MU.(R)

Then, a € me(R) is nilpotent to multiplication <= h(a) = 0.

MU, Study of a Fundamental Spectrum 05.02.2021  39/40



Properties of MU

Definition (MU spectrum)
Let n € Z. MU is given by:

* n <0
@ (MU),={ MUKk)=T(%) n=2k
SMU(K)  n=2k+1

@ pop = idspiu(n)
pant1 = T(4) : Z2MU(n) = T(5*(Ynt1)) = MU(n +1).

@ Using j : G < GZ™', we have that j*(75, ;) =7 @ €.
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o
Top, category

Definition Top,

Ob(Top,) = {(X, xo)| X is a topological space and z € X}

Top. (X, y0), (Y, %0)) = {f : X = Y| f continuous and f(zg) = yo}

EPFL
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|
Cones & Cofibrations

@ Cone of (X, o)
CX =X x [0, 1]/,\,

with (z,0) ~ (zo,1)
@ Mapping cone of f € Top. ((X,y0), (Y,%0))
YU CX =Y UCX,.
with (z,1) ~ f(x).

@ Cofibration are sequence given by

xLyLyu,ox

EPFL
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|
Cell-complexes

Definition cells complexes

A cell-complex K is construct by induction on the n-skeleton K":

()]
K~ = {0}

K=K U, 82

@ Vn € NT, we consider a collection of map {f, : S"~' — K" '}.

K’I’L

Ua Kn—l Ufa Csn—l
Ua anl Ufa D

MU, Study of a Fundamental Spectrum 05.02.2021
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CW-complexes

Definition CW complexes

A CW-complex is a K cell-complex such that

o C) K is closure-finite. i.e:
(en Neg')\zo = O except on finitely many occasions .
@ W) It has the weak topology induced by K. i.e:

S C K isclosed < VneN,acJ, SNey is closed in e,.
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Definition cellular maps

Let X,Y be CW-complexes, f : X — Y a continuous map is said cellular if
VneN f(X™) CY™.

Definition Quillen homotopy category
Ob(HoCW) = Ob(CW)
HoCW(X,Y) = [X,Y]W™]

where [X,Y][W™!] is the set [X,Y] localised on the class W of all weak
equivalences.

CW-Approximation theorem
V(X,z0) € Top.

JY a CW-complex and f : Y — X a weak homotopy equivalence.

EPFL
MU, Study of a Fundamental Spectrum 05.02.2021  6/25



|
Example of WHE #- HE in Top,

w={{0} x L1} U {(x,sin(%)ﬂ v e (0,1}

with (¢,sin(1)) ~ (0,-1).

/~

EPFL
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-]
Homology

Definition reduced homology

A family {H,, : HCW — Ab},,cz of functors with {o, : H, — H, 11 0X}pez is
called a reduced homology theory H,(—) if for all cofibration

xLyLvuyox,

Hn (4)

Ho(4) 29 gy 29 gy us 0x)

is exact.

YUy CX =Y UCX,. with (2,1) ~ f(x)

EPFL
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-]
Cohomology

Definition reduced cohomology

A family {H™ : HCW — Ab},cz of contravariant functors and natural
equivalences {o" : H"*1 0¥ — H™ }nEZ is called a reduced cohomology

theory H™* if for all cofibration X —> Y4y Ur CX,
(X)L gryy 29 gy Uy ox)

is exact.

MU, Study of a Fundamental Spectrum 05.02.2021
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R
Axioms of contravariant functors

Let F: HCW — Set,Gp, - --
@ Wedge W : Using i, : Xo — V

aEA
(F(ia))aea \/X =[] F(Xa)
a€cA acA
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Axioms of contravariant functors

Let F : HCW — Set, Gp, - - -
@ Wedge W : Using iq : Xo = Voen X.

(Fia)) gen * \/X =] Fix

acA acA

@ Mayer-Vietoris MV : For any CW-triad (X, A1, A) with
xr € F(Al),(EQ € F(AQ) such that

F(ia,na,)(m1) = z1]a,na, = T2|a,na, = F(ia,na,)(72)

Then, Jy € F(X) such that y|a, = ©1,y|a, = 2.
Any reduced cohomology H*(—) follows MV and sometimes W .
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Grassmannians

Definition (Grassmannians)
Gy = {K CF"™*| K linear subspace of dimension n }

AC Ggyk isopen < A={K| K CU,U open in IE"”H“}

® G, isa compact (2)nk smooth manifold.

Definition (tautological bundle 7, x)
B, , = {(K7v) € GE , xF| v € K}

p : E’Yn,k = Gi,k‘
p(K,v) =K

EPFL
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Unoriented Bordism

Definition unoriented bordism

Let X € Ob(CW). Let M, N be any compact smooth n-manifold. Let f: Mt — X,
g:NT — X. (M, f) is cobordant to (N, g) if 3W a compact smooth n + 1-manifold
wit boundary with F: W+ — X such that:

@ OW=MUN
@ Flu=f Fln=g

Definition unoriented bordism homology
09(-) : HoCW — Ab
Q9(X) = {(M7 f)| M compact smooth n-manifold , f : M — X}/NcOb

[va]+[N7g} = [MUN,leg}.
Q7 (£)M, g = [M, f o g]
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Stably complex manifolds

Definition stably complex manifolds
Let M be a smooth k£ manifold. We say that M is stably complex if for some n € N,
there exists an isomorphism such that

N(M,R*%) = ¢

with & a n complex vector bundle. We usually note this (M, ¢).

@ Every complex manifolds of dimension n, seen as 2n real manifold, are stably complex.

@ If N(M,R?"+F) is complex, then N(M,R2("T1+k) = N(M,R?"+F) @ 2 = ¢ @ ec.
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-]
Unitary Cobordism

Definition (unitary bordism)

Let X € Ob(CW). Let (M,&n), (N,€En) be any compact stably complex n-manifold.
Let f: Mt — X, g: NT — X. (M, &, f) is unitary cobordant to (N, £x, g) if
(W, é&w) a compact stably complex n + 1-manifold with boundary and F: W — X
such that:

@ OW=MUN
@ Flu=f FIn=g

@ N(M,R*HnHly o 3 (&) @ fer = En @ € @ Fer with er given by the induced
orientation on OW.

@ N(N,R*WHFmH) =2 % (¢w) @ Fer =2 En D el @ Fer with er also given by the
induced orientation on OW.

Isomorphism in 3. and 4. are such that Vo € M or N, ¢[,-1(,) € GL;'MH(R).
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-]
Unitary cobordism group

Definition Unitary bordism group
Let X € Ob(CW). We define the n unitary bordism group on X as

QY(x) = {(M, &ar, f)|M compact stably complex n-manifold , f : M — X}/~Cob

[M,&m, f1 + [N, €N, 9] = [M UN,E U, fU gl

0= [@} and [Magﬂ/faf]71 = [Maé.iMmf]
Vbe M,3U s.t. 1;(€y) 2UxC" 1t x C

EPFL
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Thom-Pontrjagin construction

Tubular neighborhood theorem

Let W be a m dimensional smooth manifold, M a n dimensional embedded compact
submanifold. Then, 37" open neighbourhood of M such that

T = N(M,W)

with M is the zero section of this diffeomorphism.

EPFL
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-]
Thom-Pontrjagin construction

Thom-Pontrjagin construction

Let M be a compact stable complex manifold embedded into R?"**. We have tubular
neighborhood T with ¢ : T2 N (M, R*"T*) 2 ¢ Then, seeing ¢ as int(D()), we get
using Thom space,

P8 S T(E)
Using Thomification and universal representation theorem, we get what is called the
Thom-Pontrjagin construction:

&y : S 2 1(e) ZY9 MU )
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-]
Useful properties of Thom-Pontrjagin construction

@ This map is unique up to homotopy for a given M.

EPFL
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-]
Useful properties of Thom-Pontrjagin construction

@ This map is unique up to homotopy for a given M.

@ |If consider £ = N(M,R?"*+*) then the Thom-Pontrjagin construction given
by N (M, R>(+D+k) is simply X2®,,.

EPFL
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-]
Useful properties of Thom-Pontrjagin construction

@ This map is unique up to homotopy for a given M.

@ |If consider £ = N(M,R?"*+*) then the Thom-Pontrjagin construction given
by N (M, R>(+D+k) is simply X2®,,.

Q If (M, &, f) ~cob (N, &N, 9), then @pp ~pom P

EPFL
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-]
Thom-Pontrjagin morphism

Qe (X) = {(M, /)] M CR*™* fo MY = X}/,
with (M, f) ~cob (N, g) if IW a cobordism with W C R2"+k x [0, 1]

QY(X) = colimy, ng(X)

Thom-Pontrjagin morphism
®: QY L (X) = mongu(XT A MU(n))
(M, f] = [®m]

MU, Study of a Fundamental Spectrum 05.02.2021



-]
Thom-Pontrjagin isomorphism

Thom-Pontrjagin isomorphism J

@ : Qf (%) 2 mon k(MU (n))

EPFL
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-]
Transversality

Transversality

Let f: M — N, g:V — N be any smooth maps. We say that f is transversal to g if
whenever f(p) = g(q)
Df(TpM) + Dg(TqV) = Ty N

with D f the smooth pushforward. We note transversality as f h g.

If fhg, f~*(g(V)) is a regular submanifold of M.

Thom transversality theorem
Let f: M — N,g:V — N be two smooth maps.

3?5M9N7wa0m f7 fmg

MU, Study of a Fundamental Spectrum 05.02.2021



Useful Observations

o
MU(n) = colimT(yn )

Q@ E,,, isak(n+ 1) complex manifold with G , embedded in it.
e N(Gg,k’E'Yn,k) = E’Y'n,‘k'
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|
Surjectivity

o f:5%Fk — MU(n)isin fact f: Sk = T(v, ) 2 E

f|f71(E“fn,k) U — E’Yn,k'

with U c Rtk
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|
Surjectivity

@ f:8%Fk — MU(n) isin fact f: Sk — T(y,1) = EI

Tn,k "
f|f71(E“fn,k) U — E’Yn,k'

with U c R2n+k

@ Thus, by smooth approximation theorem 3f : U — E,, , with f ~pom f
and f smooth.
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|
Surjectivity

@ f:8%Fk — MU(n) isin fact f: Sk — T(y,1) = EI

Tn,k "

f|f71(E“fn,k) U — E’Yn,k'

with U c R2n+k

@ Thus, by smooth approximation theorem 3f : U — E,, , with f ~pom f
and f smooth.

@ Using Thom transversality theorem, 3f : U — E, . st
Fh G

f ~Hom f

EPFL
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|
Surjectivity

M = f~Y(GS ) C U is a n compact manifold.

@ M is stably complex.

N(M,R2+) = N(M,U) = f* (N(G<C EW)) = ().

n,j7

EPFL
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|
Surjectivity

M = f~Y(GS ) C U is a n compact manifold.

@ M is stably complex.
N(M,R¥" ) = N(M,U) = [*(N(GS ;. By, ) = F* ().

n,j7

e U= f"Y(E,,,) is a tubular neighbourhood for M.
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|
Surjectivity

M = f~Y(GS ) C U is a n compact manifold.

@ M is stably complex.

N(M,R2+) = N(M,U) = f* (N(G<C EM)) = ().

n,j7

e U= f"Y(E,,,) is a tubular neighbourhood for M.

_ T(i0
g2ntk 2 T(N(M,R2H)) e d MU (n)

(I)M ~Hom f

EPFL
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-]
Injectivity

Let H : Stk A [0,1]7 — MU (n) be an homotopy between ®,; and ® .

o
H:Ux[0,1] = E

Yn,j
HhGE

n,j
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Injectivity

Let H : Stk A [0,1]7 — MU (n) be an homotopy between ®,; and ® .

o
H:Ux[0,1] = E

Yn,j
HhGE

n,j

o W= ff’l(GS)k) gives us a cobordism between M and N with

N(W, R+ >~ 'N(GS , B, ;) = H* (n.5)-

n,37

MU, Study of a Fundamental Spectrum 05.02.2021
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